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In studies of radiation from partially coherent sources the so-called quasi-homogeneous (QH) model sources
have been very useful, for instance in elucidating the behavior of fields produced by thermal sources. The
analysis of the fields generated by such sources has, however, been largely carried out in the framework of
scalar wave theory. In this paper we generalize the concept of the QH source to the domain of the electromag-
netic theory, and we derive expressions for the elements of the cross-spectral density matrix, for the spectral
density, the spectral degree of coherence, the degree of polarization, and the Stokes parameters of the far field
generated by planar QH sources of uniform states of polarization. We then derive reciprocity relations analo-
gous to those familiar in connection with the QH scalar sources. We illustrate the results by determining the
properties of the far field produced by transmission of an electromagnetic beam through a system of spatial

light modulators. © 2005 Optical Society of America

OCIS codes: 030.1640, 260.2110, 260.5430.

1. INTRODUCTION

The so-called quasi-homogeneous (QH) sources (see Ref.
1, Sec. 5.3.2) are important models for many partially co-
herent sources found in nature or developed in laborato-
ries. Use of such models has clarified the behavior of Lam-
bertian sources® as well as of secondary sources that are
encountered in scattering theory.>”

Up to now almost all investigations concerning QH
sources and the fields that they generate have been based
on scalar wave theory. Perhaps the most important and
best-known result derived from the scalar QH model is
the van Cittert—Zernike theorem and its generalization
(see Refs. 1 and 8), which give a simple expression for the
degree of coherence at a pair of points in the field propa-
gated from such a source. When applied to points in the
far zone the generalized van Cittert—Zernike theorem ex-
presses a reciprocity between the intensity distribution
across the source and the degree of coherence of the far
field. There is a second less well-known reciprocity rela-
tion for fields generated by such sources that expresses
the spectral density distribution in the far zone in terms

1084-7529/05/112547-10/$15.00

of the spectral degree of coherence of the source (see Ref.
1, Sec. 5.3.2).

In this paper we generalize the concept of the quasi-
homogeneous source to the domain of the electromagnetic
theory with the help of the recently introduced 2X2
cross-spectral density matrix of the electric field.> ™ We
then show that a beam generated by an electromagnetic
QH source that is uniformly polarized, i.e., that has the
same state of polarization at each point, obeys two reci-
procity relations analogous to those that are familiar for
scalar QH sources. We also derive expressions for the
spectral degree of polarization and the spectral Stokes pa-
rameters of the far field that are generated by such
sources. We illustrate the results by plots that show the
behavior of the far field produced by transmission of such
a beam through a system involving spatial light modula-
tors.

2. QUASI-HOMOGENEOUS
ELECTROMAGNETIC SOURCE

Consider a fluctuating, planar, secondary electromagnetic
source, located in the plane z=0 and radiating into the

© 2005 Optical Society of America
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Fig. 1. Illustration of the notation.
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Fig. 2. Illustration of the concept of a QH source.

half-space z>0. We assume that the radiated field is
beamlike, propagating close to the z axis, and that the
source fluctuations are represented by a statistical en-
semble that is stationary, at least in the wide sense. The
second-order correlation properties of the source may be
characterized by the 2X 2 electric cross-spectral density
matrix:’

Wa(gc)(l)bm, ) Wi(})(pl,pz, )

WO (py, pz, ) = :
W (p1,pz,0) Wpy,ps,)

(2.1)

In this formula p; and py are the two-dimensional posi-
tion vectors of two points Q; and Qg in the source plane
(see Fig. 1), o denotes the frequency, and the elements of
the W-matrix are

Wg’”(pl’p% (1)) = <E;(p1’ w)EJ(P27 (,())> (l =%,Y5 ] = x9y) .
(2.2)
Here E; and E; denote the Cartesian components of a typi-

cal member of the statistical ensemble of the electric field
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in two mutually orthogonal x and y directions perpendicu-
lar to the z-axis (the axis of the beam), and the angle
brackets denote the average, taken over an ensemble of
realizations of the electric field, in the sense of coherence
theory in the space-frequency domain (Ref. 1, Sec. 4.7.1).

The electric cross-spectral density matrix representing
an electromagnetic QH source may be obtained as a
straightforward generalization of the cross-spectral den-
sity function of a scalar QH source: 8

W (py1,p2,0) = VSO ((p1 + p2)/2, ) S (py + po)/2, )
X i) (s = p1, ©),

(i=xy; j=x3), (2.3)

where SEO)(p,w)=W§?)(p,p,w) and Sjo)(p,w)=ﬂﬂ;)(p,ﬂ,w)
are the spectral densities of the components E; and E; and
,u,g.))(pg—pl ,w) represent the correlations between these
components.12 It is assumed that S(O)(p,w) (i=x,y) varies
much more slowly with p than ,uEJQ (p',w) varies with p’
(see Fig. 2).

The spectral density S©(p, w), the spectral degree of co-
herence 7%(p;, pe, ), and the spectral degree of polariza-
tion P9(p, w) of an electromagnetic beam are given by the
formulas®

SO(p,w) = Tr W(p,p,w), (2.4)
Tr WO(py, py, )
(0) _
77(p1,pa, ) = , (2.5)
VSO(py, 0)ySO(py, w)
4 Det WO (p,p, w)
POp,w) = \/ 1l-———————— (2.6)
[Tr Wp,p,w)]?

where Tr denotes the trace and Det the determinant. For
a quasi-homogeneous electromagnetic source whose cross-

spectral density matrix W(O)(pl, P2, w) is given by Eq. (2.3)
expressions (2.4)—(2.6) become

SO(p,w) =SV (p,w) + S(p,w), (2.7)

SO((p1 + p2)/2, ) 1S (ps = p1,w) + SV (1 + p2)/2, ) 1) (s — p1, @)
SO((py + po)/2, w)

W(O)(PbI’z: w) = 5 (28)

VISV(p, ) - SV (p, )2 + 4SP(p, )P (p, )| u3)(0, ) ?

P(O)(p’w) = S(O)(p w)

(2.9)

Formula (2.7) holds generally; for a QH source,
SO(p,w) is a slow function of p. The Stokes parameters,
which are useful for characterizing the state of polariza-

tion of an electromagnetic field, may be expressed in
terms of the elements of the cross-spectral density matrix
by the formulas (cf. Ref. 13, Sec. 10.9.3)
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SY(p,w) = W(p,p,0) + W (p,p,0), (2.10a)
SP(p,w) = W2(p,p,0) - W (p,p,w), (2.10b)
SY(p,w) = 2RelW(p,p,w), (2.10c)
SP(p,w) = 2Im[W)(p,p,w)], (2.10d)

Re and Im denoting the real and the imaginary parts, re-
spectively. It will be useful to normalize the Stokes pa-
rameters by setting'*

s{(p,0) =8{%(p,w)/S{(p,w) (i=1,2,3). (2.11)
The normalized Stokes parameters SEO) (p,w) (=1,2,3) as-

sociated with the QH source characterized by Eqs. (2.3)
are readily shown to be given by the formulas

S(p, ) - S(p, w)

(0)(
p,w)= : (2.12a)
S (p,w) + S\ (p, )
o 280,08 (g, 0)Rel 11y (p,p, )]
X > y ’
o 215, ) VS (p, ) Im{ w3 (p, p, )]
sy (p,w) = (2.12¢)

S(p,w) +S(p, )

We will consider only sources for which the normalized
spectral Stokes parameters are independent of p. The
spectral degree of polarization and the spectral polariza-
tion ellipse associated with the polarized portion of the
beam will then be the same at every point of the source.
We will call such sources uniformly polarized. In Appen-
dix A we show that the source is uniformly polarized at
frequency w if and only if the spectral densities S( )(p,w)
and S( )(p,w) are proportional to each other, i.e., if and

only 1f15

SV(p,0) = a(w)SV(p, w) (2.13a)

and if, in addition, the correlation coefficient My )(p p,w)
is independent of position, i.e.,

w(p,p, ) = wd (). (2.13b)

It follows from Egs. (2.4), (2.13a), and (2.13b) that

Sp,w) = 59(p,w),
o(w)
S\V(p,w) = " )S“’)(p, ). (2.14)

On substituting from Eqgs. (2.14) into Eq. (2.3) we find
that the elements of the cross-spectral density matrix of
the source that satisfy conditions (2.13a) and (2.13b) are
given by
W (p1,pa, ) = ;j()S O (p1 + p2)/2, ) 1) (P2 = pr, @),
(2.15)

where the coefficients «;;(w) are
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r
1

wheni=j=x
1+ a(w)

)
1+ a(w)
a(w)

1+ a(w)

a(w) =3 when i # j (2.16)

wheni=j=y

\

The spectral degree of coherence of the source is then
given by the expression

701, P2, ©) = e (0) ) (p3 = p1, ) + (@) i (P2 = p1,).
(2.17)

Expressions for the normalized Stokes parameters of the
source are derived in Appendix A.

3. THE SPECTRAL DENSITY AND THE
SPECTRAL DEGREE OF COHERENCE OF
THE FAR FIELD. TWO RECIPROCITY
RELATIONS

It can be shown by a straightforward analogy of the argu-
ment used in deriving Egs. (5.3-4) and (5.3-5) of Ref. 1
that the elements of the cross-spectral density matrix of
the electric field in the far-zone are given by the expres-
sions (see Fig. 1)

ng@)(rlsl,msz,w) = (27k)%cos 6, cos O,
_ explik(rq—ry)]
XWS))(_ kle’kSZLyw) s
rire

where (3.1)

W( )(fl’anw)

S?)(P1,92,w)3XP[— i(f; - py

+ 15+ py)]d®p;d®p, (3.2)

is the four-dimensional spatial Fourier transform of
W( )(pl,pQ,w) In Eq. (3.1), s; and sy are unit vectors
along r; and ry and s;, and sy, are the projections, con-
sidered as four-dimensional vectors, of the unit vectors s;
and sy onto the source plane. Each integration in Eq. (3.2)
extends over the source.

On substituting from Eq. (2.15) into Eq. (3.2) we obtain
for the Fourier transforms of the elements of the cross-
spectral density matrix of a uniformly polarized QH
source the expressions

Wg’))(flaf% (1))

= a"( <) f J SO((py + p2)/2,0)

(O)(Pz - pr,w)exp[-i(f; - py
+fy- Pg)]d Pld P2

= a;()S O +£2,0) B ((Fr - £)/2, )

(i=xy; j=x5)), (3.3
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where «;i(w) are the coefficients defined in Eq. (2.16) and

_ 1
SO w) = ot f SO(p, w)exp[-if- pld?p, (3.4)
iy (£,0) = @ f u(p,w)exp(- if - p)d%p.  (3.5)

Formula (3.3) is derived in Appendix B.

On substituting from Eq. (3.3) into Eq. (3.1) we obtain
for the elements of the cross-spectral density matrix in
the far zone the expressions

M}c)(rlsbrzsmw)
= (27k)2cos 6, cos ()]
X S(O)(k(SZL -51,),0)

- explik(ry—r1)]
XA (k(sg, +81,)/2,0)————.
riry
(3.6)

The spectral density S®(rs,w) of the far field is given
by the expression

S@(rs,w) =Tr W(“’)(rs,rs,w) = (277k)2cos? 6S9(0, w)

1
X[ (@) B (ks |, 0) + ayy(wm;‘;)(ksbw)]r—,

where 6 is the angle that the unit vector s makes with the

Korotkova et al.

positive z axis. We also have, on taking the Fourier trans-
form of Eq. (2.17), that

7O(ks |, 0) = ap (0B (ks |, 0) + a, (0B (ks |, 0).

(3.8)

On substituting from Eq. (3.8) into Eq. (3.7) we obtain for
the spectral density of the electric field in the far zone the
expression

- 1
S)(rs, w) = (2mk)%cos? 08(0)(0,w)’i;(0)(ksl,w)—2. (3.9)
r

Equation (3.9) expresses a reciprocity relation that holds
for beams generated by a planar, secondary, uniformly po-
larized electromagnetic QH source, namely, the spectral
density of the far field is proportional to the product of the
Fourier transform of the spectral degree of coherence of the
field across the source and of cos® /1.

Next we consider the spectral degree of coherence of
the far field at points r;=rys; and rqy=rys,, viz.,

7)(%)(’“151,’“251,0))

Tr W(w)(rlsl9r2527 (.())

\/Tr VHV(OO)(’“151,"151> w) \/TT W(w)(rsz,rZSQ, w)

77(00)("151,’“252,0)) =

3.10
(3.7) ( )
With the help of Eq. (3.6) one finds that
(@) AS (k(Sg, +81,)/2,0) + o, () By ((S5, +571,)/2,0)
\/axx(w)ﬁg(c?c)(kle’w) + ayy(w)ﬁ;gz)(ksll9w) \’/axx(w)ﬁa(c?c)(kSZL’w) + ayy(w)/l;g/)(kSZL’w)
SOk(sy, -81.),0)
X 2L explik(ry—ry)]. (3.11)

S0, w)

The assumption that the correlation coefficients
ME?)(p’,w) (i=x,y) are “fast” functions of p’ across the
source implies that their Fourier transforms ﬂﬁ?)(f ", w) are
“slow” functions of f’. We can, therefore, make the ap-
proximations

BO%ks, ,0) = pQ(ksy ,0) = B 0(k(sy, +51,)/2,0),

(3.12a)

B(ks,0) ~ AS(ksy,,0) =~ B0 (k(sy, +51,)/2,0),

(3.12b)

and it follows that the first factor in Eq. (3.11) can be ap-
proximated by unity. We then obtain for the complex de-
gree of coherence 7™ of the far field the formula

SO(k(sy, ~1,),0)

50, w)

n(x)(rlslerSZaw) = explik(re—ry)].

(3.13)

This formula expresses another reciprocity relation
pertaining to radiation from uniformly polarized planar
QH electromagnetic sources, namely, the spectral degree
of coherence 1™(rys1,rs8s,w) of the far field generated by
an electromagnetic, uniformly polarized, QH source is,
apart from the phase factor k(rq—rq), proportional to the
four-dimensional spatial Fourier transform of the spectral
density of the electric field in the source plane.*

We can summarize this part of the analysis by saying
that we have shown that the two reciprocity relations as-
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sociated with beams produced by scalar planar QH
sources (Ref. 1, Sec. 5.3.2) have analogs for beams gener-
ated by planar uniformly polarized QH electromagnetic
sources.

4. POLARIZATION PROPERTIES OF THE
FAR FIELD

The full description of the polarization properties of a ran-
dom electromagnetic beam at some point r requires the
specification of the beam’s degree of polarization and of
the state of polarization of its polarized portion.

The spectral degree of polarization of a random electro-
magnetic beam at a point r=rs in the far zone is given by
the expression

Vol. 22, No. 11/November 2005/J. Opt. Soc. Am. A 2551

4 Det W{*)(rs,rs, )
PP)(rs,w) = 1- ,

— (4.1a)
[Tr W) (rs,rs, w)]?
or, more explicitly, by the expression
P™)(rs, w)
\J’/[WJ(:;)(rs rs,w) — W( )(rs rs,w) ] + 4|W! )(rs,rs,w)|2
- W( )(rs rs,w) + W§,y)(rs,rs,w)
(4.1b)

On substituting into Eq. (4.1b) from Eq. (3.6) for the ele-

ments of the matrix W of the far field generated by a
uniformly polarized electromagnetic QH source evaluated
at a point ris;=rgsy=rs, one finds that the spectral de-
gree of polarization of the far field is given by the formula

70 _
P, < MVt 1)

ayy (0B (ks |, 0) ] + 4 ay () B (ks |, w) ]2

(4.2)

xx(w)/"“xx (ksi’ w) +a y(a’),u“yy (ksL, w)

Using definition (2.16), formula (4.2) may be rewritten in the form

VIED (ks |, 0) - (@) (ks | ,0) P+ 4a()[ A0 (ks ,, )P

PP(rs,w) = — 0

/‘Lxx (ksly (1)) + LY((U)ILL(O)(kSL, (1))

This formula expresses the spectral degree of polarization
of the far field generated by a uniformly polarized planar
QH electromagnetic source in terms of the four-
dimensional spatial Fourier transforms of the correlation
coefficients MEQ)(p’,w) of the electric field in the source
plane and the factor «(w), defined by Eq. (2.13a).

The normalized Stokes parameters of the far field
s (1=1,2,3) are related to the elements of the cross-
spectral density matrix W in the same way as in the
source plane. For uniformly polarized QH sources, appli-
cation of Egs. (2.16) and (3.6) leads to the far-field normal-
ized Stokes parameters as'®

(s, w) = P (ks 1, 0) - a(w) ) (ks 1, @) (4.4a)
S; (rs,w — 4a
' B (ks |, o) + a(w),u(o)(ksl, o)’

s, ) = 2\a(0)Re[ 25 (ks 1, )] )
s, (rs, ’ _

2T i O%s, o) + al0) ks, o)

24 a(w)Im[,u,(O) (ks ,w)]

s57(rs, 0) = (4.4¢)

Bk, 0) + a(w) B (ks |, 0)

To summarize, formulas (4.3) and (4.4) express the
spectral degree of polarization and the normalized spec-
tral Stokes parameters of the far field generated by a pla-
nar uniformly polarized QH source in terms of the Fourier
transforms ,TLL?C), ,TL(O), and ~§CO of the correlation coeffi-
cients of the field components in the source plane and in
terms of the ratio a(w) of the spectral densities S( )(p,w)
and S(O)(p,w) of the components of the electric vector in
that p{ane [Eq. (2.13a)].

(4.3)

5. EXAMPLE: THE FAR FIELD GENERATED
BY A MODEL SOURCE

We will illustrate our main results by determining the
spectral density, the spectral degree of coherence, the
spectral degree of polarization, and the normalized Stokes
parameters of the far field produced by sources generated
by a technique described in Ref. 19 (see also Ref. 20). Ac-
cording to that technique, the so-called electromagnetic
Gaussian Schell-model source can be synthesized from
two coherent, linearly polarized plane waves transmitted
through two mutually correlated phase-only liquid-crystal
spatial light modulators (SLMs), placed in the arms of a
Mach-Zehnder interferometer.

It was shown in Ref. 19 that the elements of the cross-
spectral density matrix of the field generated by such a
device has the form of our Eq. (2.15), with the spectral
density S©© and the correlation coefficients ,u bemg
Gaussian functions, viz.,

SOpa) = A o = xy), (6.1)

o) = TR Tty | VY 6
lp2 — p1f

1 (py - p1,0) = Bij(w)exp{ 26(w) }

(@ =xy;7=xy. (5.2)

Here the coefficients B;;(w) are, in general, complex num-
bers. Since in this example the variances o,(w) and o,(w)
are the same, we denoted each of them by o(w). This con-
dition ensures that the source is uniformly polarized.21
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There are various constraints on the parameters enter-
ing expressions (5.1) and (5.2). First, the general proper-
ties (e.g., nonnegative definiteness) of the cross-spectral
density matrix of the field in the source plane impose cer-
tain conditions on the parameters of the source. The con-
ditions have been derived in Ref. 22 for electromagnetic
Gaussian Schell-model sources. In addition, in order to
ensure that the field produced by such a source is beam-
like, the following conditions must be satisfied (see Ref.
23):

1 1 2 27
40%(w) " & () = 202 N2’

1 1 ¢ 27
17w B 20 N2 53

From now on we will omit the explicit dependence of all
the parameters on the frequency. In order that the elec-
tromagnetic Gaussian Schell-model source generated by
means of the system of the SLMs will be quasi-
homogeneous,

U>6Lj (i=x,y, j=x9y)' (54)

To determine the behavior of the far field, we evaluate
first the four-dimensional Fourier transform of the spec-
tral density (5.1) and of the correlation coefficients (5.2).
One readily finds that

Korotkova et al.

SO f — Iﬁ f 2 55
( 7w) - 4 exp| — zf ’ ( . )

A0 ) = ﬁB«-ex -ﬁ 2 (5.6)

/’Lij W) = o ] P 9 . .

On substituting from Egs. (5.5) and (5.6) into Eq. (3.7)
we obtain the following expression for the spectral density
of far field:

@ AR (2 oxplc 426
S (rs,w) = m o €XP(— 6. k% 6°/2)
+ a8, exp(- &, k2 6%/2)]. (5.7)

As before, 6, the angle that the vector r=rs makes with
the z axis, is assumed to be small, so that cos §=1, |s  |?
=sin? f~ P2

On substituting from Eq. (5.5) into formula (3.13) we
obtain for the spectral degree of coherence of the far field
the expression

7)(%)(’“151,’“252,“)) = exp|[- 02k2|s2i - S1i|2/2]eXp[ik(7‘2 -r)l.
(5.8)

From Egs. (5.6) and (4.3) we readily obtain the following
expression for the spectral degree of polarization of the
far field:

PP (rs,w) =

VI8, exp(~ 6Lk26%2) — adl, exp(- &2, k26%/2) P + 4ady B, |? exp(- &2, k%67)

Finally, it follows from Egs. (4.4) and (5.6) that the nor-
malized spectral Stokes parameters of the far field gener-
ated by a planar electromagnetic Gaussian Schell-model
source are given by the expressions

52x exp(— 5§xk202/2) - a&iy exp(- éﬁyk26‘2/2)

X.

s{(rs,w) = ,
LSO b ) + alt, oxpl— )
(5.10a)
o 2\,’Zﬁfy\3xy|cos @y exp(- & k2 67/2)
S S,w) = ,
2 (%) &, exp(- 6Lk26P/2) + adl, exp(- &2 k2 6%/2)
(5.10b)
— .
75, a) < 2Va6fy|Bxy|sm @xy €Xp(— 6fyk262/2)
3 ’ -

&%, exp(- &LE20H2) + ady, exp(- 5o k26P/2)
(5.10c¢)

where ¢,, is the phase of the coefficient B,, [see Eq. (5.2)].

Figures 3-5 show the behavior of the spectral density,
normalized by its axial value, of the spectral degree of po-
larization and of the normalized Stokes parameters of the
electric field in the far zone, generated by a uniformly po-
larized QH electromagnetic source, specified by Eqgs. (5.1)
and (5.2).

&%, exp(- &L k204/2) + ad,, exp(— 5o, k2 67/2)

(5.9)

In Figs. 3 and 4 the off-diagonal elements of the cross-
spectral density matrix are both zero, i.e., B,,=B,,=0. We
see that although the source is unpolarized, the far field is
partially polarized and the degree of polarization varies
with the angle 6 and also with the difference §,,-9,, be-
tween the rms widths of the source correlation coefficients
[see Eq. (5.2)]. One can show from Eq. (5.9) that when
B,,=B,,=0, then P(w)(rs,w)=|s(1°°)(rs,w)|, while s(;)(rs,w)
=S§°)(rs,w)20. Figure 3 pertains to the case for which
changes of the degree of polarization in the far zone occur
only near the beam edge, while Fig. 4 illustrates the case
for which changes in the degree of polarization occur
within the beam cross section.

Figure 5 illustrates the far-zone properties of a field
generated by a planar, uniformly polarized, quasi-
homogeneous Gaussian Schell-model source, which is
characterized by a cross-spectral density matrix

W(w)(rs,rs,w) whose off-diagonal elements are not neces-
sarily zero. Unlike sources with “diagonal” cross-spectral
density matrices (Figs. 3 and 4), the field generated by
this source cannot be treated as a superposition of two or-
thogonally polarized scalar fields. It is evident from Egs.
(5.9) and (5.10) that the state of polarization of the far
field generated by a QH source represented by a cross-
spectral density matrix with nonvanishing offdiagonal el-
ements has nontrivial dependence on angle 6.
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The spectral density and the polarization properties of
the far field generated by a uniformly polarized QH
source, characterized by Eq. (5.1)—(5.4), possess rotational
symmetry. Figure 6 illustrates this property for the case
represented in Fig. 5. The black-to-white (gray-scale)
background in this diagram corresponds to the values of
the spectral density of the far field (normalized by its
axial value) in the range from 0 to 1. The black ellipses
superimposed on this background represent the spectral
polarization ellipses of the fully polarized portion of the
far field. The parameters of each of the spectral polariza-
tion ellipses can be readily calculated from the Stokes pa-
rameters [see Eq. (5.10)] with the help of well-known re-
lations (see Ref. 13, Sec. 10.9.3, see also Ref. 25).
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APPENDIX A: NECESSARY AND
SUFFICIENT CONDITIONS FOR A
UNIFORMLY POLARIZED PLANAR QH
SOURCE

We will show that a QH source is uniformly polarized at
frequency w if and only if the spectral densities SLO)(p, )
and S;O)(p,w) are proportional to each other, i.e., if

S(p,0) = ad(@)S(p, w) (Ala)

and if, in addition, the correlation coefficient /Li(;)(p,p,w)
is independent of position, i.e., if

10 —
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Fig. 3.

The spectral density S(rs,w) and the spectral degree of polarization of the far field generated by transmission of a linearly

polarized beam through a system of spatial light modulators that produces a uniformly polarized QH field with parameters a=1, o

=1mm, B,,=0, §,=0.1 mm, §,,=0.5 mm, A=0.6328 um. The spectral density is normalized by its on-axis value.
1.0
08
06 —_ f
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Fig. 4. The curves represent the same quantities as in Fig. 3, but the value of parameter « is 0.05.
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Fig. 5. (a) The degree of ploarization P(rs, ) and the spectral density S(rs, w) of the far field generated by the source with parameters
=0.44, 0=1 mm, B,,=0.525, §,,=0.15 mm, §,,=0.25 mm, §,,=0.3 mm, \=0.6328 um, ¢,,=\/6. (b) Normalized Stokes parameters of the
far field generated by the same source as in (a).

1S (p.p,0) = p(w). (Alb) 2\/a()Im[ 1 (w)]
sP(w) = . (A20)
First, if conditions (Ala) and (Alb) hold, then one finds, 1+ a(w)
with the help of the Eqgs. (2.10), that the normalized
Stokes parameters, given by the expressions are independent of position. Hence, such a source is uni-
formly polarized.
© 1- a(w) Conversely, suppose that the state of polarization is
s1 (w)= Ta(w) ’ (A2a) uniform across the source. The normalized Stokes param-
eters, given by the formulas (2.12), are then independent
o of p, say,
2\ a(w)Re[ 1) (w)]
st(w) = ——,  (A2b)

1+ alw) s%p,0)=s%w) (i=1,2,3) (A3)
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Equations Egs. (2.12) and (A3) then imply that

S9p,0) 1+8(w)

= = 5 A4
S9p) 1= (A

and that
Rl )] = (A5a)
($] x P, W) | = —F7/—, a
SN PCTIE
s¥(w)

Tm[ 19 2 (A5b)

(p,p, )] = m

From Eq. (A4) it follows that the spectra SJ(CO) and S are
proportional to each other, and from Eqs. (A5) it fgllows
that the correlation coefficient ,u,;o)(pl ,P2,w), evaluated for
p1=po=p, is independent of p. %ormulas (A4) and (A5)
also show how the ratio Sio)(p,w)/S;,O)(p, w) of the spectra
and the correlation coefficient Mio)(p, p,w) can be deter-
mined from the knowledge of the normalized Stokes pa-
rameters.
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APPENDIX B: DERIVATION OF EQ. (3.3)

In this appendix we will evaluate the four-dimensional
Fourier transform of the cross-spectral density matrix in
the source plane, viz.,

1

Wiﬁ”(fl,fz,wh ﬂ_)4ffWl(',(‘))(Pl,P%w)eXP[—i(fl‘P1

(2

+15- pp)]d%p %oy (i=xy, j=2x),
(B1)

where
W (p1,p2,0) = ay(@)SV((py + p2)/2,0) 1] (p3 = p1, ).
(B2)
Introducing the variables

Ap=py—-p1, p=(p1+p)/2, (B3)

we can express formula (B1) in the form

Fig. 6. Illustration of rotational symmetry of the spectral density and of polarization of the far field generated by the same source as in
Fig. 5(a), plotted as functions of polar angle 6 in the interval -3 X 1073 rad < #=<3 X 10~3 rad. The black-to-white (gray-scale) background
corresponds to the normalized values between 0 and 1 of the spectral density of the far field, normalized by its axial value. The ellipses
superimposed on this background are the spectral polarization ellipses of the fully polarized portion of the far field. Their centers are
chosen to be located along the two mutually orthogonal directions at points where the spectral density normalized by its axial value takes

on the values 1, 0.85, 0.6, 0.4, 0.25, and 0.1.
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aij(w)

WO fy, £y, 0) =
Lj(l 2, @) (277)4

aij(a))

T 2wt

aij(w)

T @2

= oy ()SO(E) + £5, ) B (£~ £1)/2, 0).

This formula is analogous to the corresponding expres-
sion that pertains to the scalar case [see Eq. (5.3-19) in
Ref. 1].

ACKNOWLEDGMENTS

The research was supported by the U.S. Air Force Office
of Scientific Research under grant F49260-03-1-0138, by
the Engineering Research Program of the Office of Basic
Energy Sciences at the U.S. Department of Energy under
grant DE-FG02-2ER45992 and by the Air Force Research
Laboratory (AFRL) under contract FA 9451-04-C-0296.

Corresponding author O. Korotkova’s email address is

korotkov@pas.rochester.edu.

REFERENCES AND NOTES

1.

2.

10.

11.

12.

L. Mandel and E. Wolf, Optical Coherence and Quantum
Optics (Cambridge U. Press, New York, 1995).

W. H. Carter and E. Wolf, “Coherence properties of
Lambertian and non-Lambertian sources,” J. Opt. Soc. Am.
65, 1067-1071 (1975).

R. A. Silverman, “Locally stationary random processes,”
IRE Trans. Inf. Theory 3, 182-187 (1957).

R. A. Silverman “Scattering of plane waves by locally
homogeneous dielectric noise,” Proc. Cambridge Philos.
Soc. 54, 530-537 (1958).

A. Ishimaru, “Correlation functions of a wave in a random
distribution of stationary and moving scatterers,” Radio
Sci. 10, 45-52 (1975).

J. C. Leader, “Similarities and distinctions between
coherence theory relations and laser scattering
phenomena,” Opt. Eng. (Bellingham) 19, 593-601 (1980).
B. G. Hoover, L. Deslauriers, S. M. Grannell, R. E. Ahmed,
D. S. Dilworth, B. D. Athey, and E. N. Leith, “Correlations
among angular wave component amplitudes in elastic
multiple-scattering random media,” Phys. Rev. E 65,
026614 (2002).

J. W. Goodman, Statistical Optics (Wiley, 1985), Chap. 5.
E. Wolf, “Unified theory of coherence and polarization of
random electromagnetic beams,” Phys. Lett. A 312,
263-267 (2003).

H. Roychowdhury and E. Wolf, “Determination of the
electric cross-spectral density matrix of a random
electromagnetic beam,” Opt. Commun. 226, 57-60 (2003).
E. Wolf, “Correlation-induced changes in the degree of
polarization, the degree of coherence and the spectrum of
random electromagnetic beams on propagation,” Opt. Lett.
28, 1078-1080 (2003).

We use the symbol ,uﬁ(.)) rather than 77;?) that was employed
in Ref. 9 to avoid confusion with the scalar theory.

SO(p, w)exp[-ip - (£, + f5)]d*p

(2m)?

Korotkova et al.

J J SOp, w) iy (Ap, w)exp[—i(f; - (p— Ap/2) +£5 - (p+ Ap/2))]d*pd*(Ap)

f f SOp, 0)uif (Ap, w)exp[-i(p - (F +£,) + Ap - (fy - £1)/2)1d%pd*(Ap)

f 1y (Ap, w)exp[- iAp - (£, - £,)/2]d*(Ap)

(B4)

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

M. Born and E. Wolf, Principles of Optics, 7th expanded ed.
(Cambridge U. Press, Cambridge, UK 1999).

The Stokes parameter Sgo)(p,w) that we wuse for
normalization is just the spectral density S©©(p,w) of the
source, given by Eq. (2.4).

A source that is linearly polarized along the y direction, say,
obviously corresponds to the limit a(w)— oe.

This result represents essentially a generalization to the
far field generated by QH electromagnetic sources of the
well-known van Cittert—Zernike theorem of the scalar
theory.

The Stokes parameters of the far-zone field can also be
calculated from the normalized ones, because the Stokes
parameter used for normalization, is just the spectral
density S™)(rs,w) of the far field, given by reciprocity
relation (3.9).

The results derived in this section were found for some
special cases in G. Piquero, R. Borghi, A. Mondello, and M.
Santarsiero, “Far-field of beams generated by quasi-
homogeneous sources passing through polarization
gratings,” Opt. Commun. 195, 339-350 (2001).

T. Shirai, O. Korotkova, and E. Wolf, “A method of
generating electromagnetic Gaussian Schell-model beams,”
Pure Appl. Opt. 7, 232-237 (2005).

T. Shirai and E. Wolf, “Spatial coherence and polarization
of electromagnetic beams modulated by random phase
screens and their changes on propagation in free space,” J.
Opt. Soc. Am. A 21, 1907-1916 (2004).

The amplitude filters in the experiments described in Ref.
19 generally produce nonuniform polarization. To ensure
that the polarization of the synthesized source is uniform,
these filters must have the same rms widths, i.e., op;=0ps
[see Eqgs. (15) and (16) of Ref. 19].

H. Roychowdhury and O. Korotkova, “Realizability
conditions for electromagnetic Gaussian Schell-model
sources,” Opt. Commun. 249, 379-385 (2005).

O. Korotkova, M. Salem and E. Wolf, “Beam conditions for
radiation generated by an electromagnetic Gaussian
Schell-model source,” Opt. Lett. 29, 1173—-1175 (2004).

The parameter a(w) may be shown to be related to the
angle (w) between the x axis and the direction of
polarization at the source plane by the formula «(w)
=tan"Y|(w)|, —7/2 < y< /2. In practice, in order to control
a(w), one can replace the beam splitter BS1 introduced in
Ref. 19 with a polarizing beam splitter and place a
polarization rotator (half-wave plate) in front of it. The
parameter a(w) can then be determined by rotating the
half-wave plate.

The parameters characterizing the spectral polarization
ellipse at each point can also be calculated directly from the
elements of the cross-spectral density matrix [see O.
Korotkova and E. Wolf, “Polarization state changes in
random electromagnetic beams on propagation,” Opt.
Commun. 246, 35-43 (2005)].



	ADP4D.tmp
	Journal Article




